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P�r�o�p�o�s�i�t�i�o�n� �d�e �c�o�r�r�i�g�é

Taoufiki said

E�x�e�r�c�i�c�e : C�a�l�c�u�l �d�e �l�a� �s�o�m�m�e �d�e �l�a� �s�é�r�i�e �d�e R�i�e�m�a�n�n�∑
n≥1

1

n2
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2. (�a�) S�o�i�t n ∈ N∗.
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(�b) S�o�i�t n ∈ N∗.

n∑
k=1

cos(kx) =

n∑
k=1

Re(eikx)

= Re

(
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k=1

eikx

)
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eix
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1− eix

)
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(
sin(nx2 )
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)
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(
x
2

) cos

(
(n+ 1)x

2

)

3. L�e�� �f�o�n�c�t�i�o�n�� ψ �e�t ψ′ �s�o�n�t �b�o�r�n�é�e�� �s�u�r� [0, π] �c�a�r� �c�o�n�t�i�n�u�e�� �s�u�r� �u�n� �c�o�m�p�a�c�t,
�c�e �q�u�i� �j�u�s�t�i�f�i�e �l��e�x�i�s�t�e�n�c�e �d�e ‖ψ‖∞ �e�t ‖ψ′‖∞.
S�o�i�t m > 0. O�n� �a� :∫ π

0

ψ(x) sin(mx)dx =
−1

m
[ψ(x) cos(mx)]

π
0 +

1

m

∫ π

0

ψ′(x) cos(mx)dx

=
1

m
(ψ(0)− ψ(π) cos(mπ)) +

1

m

∫ π

0

ψ′(x) cos(mx)dx

�d�o�n�c | ∫ π
0
ψ(x) sin(mx)dx| ≤ 2‖ψ‖∞+π‖ψ′‖∞

m −→ 0, �q�u�a�n�d� m −→ +∞.
4. • L�a� �f�o�n�c�t�i�o�n� g �e�s�t �d�e �c�l�a�s�s�e C1 �s�u�r� ]0, π] �p�a�r� �c�o�m�p�o�s�i�t�i�o�n� �e�t �o�p�é�r�a�t�i�o�n��

�a�l�g�é�b�r�i�q�u�e��.
• g(x) = ( xπ − 1)

x
2

2 sin( x
2 ) −→ −1 = g(0), �q�u�a�n�d� x −→ 0.

•

g′(x) =
2( xπ − 1) sin(x2 )− ( x

2

2π − x) cos(x2 )

4 sin2(x2 )

=
x2

2π + o(x2)

x2 + o(x2)
−→ 1

2π

P�a�r� �t�h�é�o�r�è�m�e �d�e �p�r�o�l�o�n�g�e�m�e�n�t �d�é�r�i�v�a�b�l�e, �l�a� �f�o�n�c�t�i�o�n� g �e�s�t �d�e �c�l�a�s�s�e C1 �s�u�r�
[0, 1] �a�v�e�c g′(0) = 1

2π .
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5. (�a�) S�o�i�t n ∈ N∗.
n∑
k=1

1

k2
=

n∑
k=1

∫ π

0
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− x) cos(kx)dx

=

∫ π
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n∑
k=1

cos(kx))dx
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∫ π

0
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sin(nx2 ) cos( (n+1)x
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sin(x2 )
dx

= 2

∫ π

0

g(x) sin(
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2
) cos(
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2
)dx

�e�n� �u�t�i�l�i�s�a�n�t �l�a� �r�e�l�a�t�i�o�n� �t�r�i�g�o�n�o�m�é�t�r�i�q�u�e, 2 sin a cos b = sin(a + b) + sin(a − b),
�o�n� �o�b�t�i�e�n�t :

n∑
k=1

1

k2
=

∫ π

0

g(x) sin(
x

2
)dx+ 2

∫ π

0

g(x) sin(
(2n+ 1)x

2
)dx

�c�o�m�m�e ∫ π
0
g(x) sin(x2 )dx =

∫ π
0

( x
2

4π −
x
2 )dx = π2

6

�a�l�o�r��
n∑
k=1

1

k2
=
π2

6
+

∫ π

0

g(x) sin(
(2n+ 1)x

2
)dx.

(�b) L�a� �s�u�i�t�e �d�e �t�e�r�m�e �g�é�n�é�r�a�l ∫ π
0
g(x) sin( (2n+1)x

2 )dx �a�d�m�e�t �u�n�e �l�i�m�i�t�e �n�u�l�l�e �d�o�n�c
�l�a� �s�o�m�m�e �p�a�r�t�i�e�l�l�e �d�e �l�a� �s�é�r�i�e �é�n�o�n�c�é�e �t�e�n�d� �v�e�r�� π2

6 , �d�'�o�ù� �l�a� �c�o�n�v�e�r�g�e�n�c�e
�d�e �l�a� �s�é�r�i�e ∑

n≥1

1

n2
�e�t �l�a� �v�a�l�e�u�r� �d�e �s�a� �s�o�m�m�e.

6. (�a�) P�o�u�r� �u�n� �r�é�e�l x > 0 , x
n(1+2nx) ∼

1
2n2 , �q�u�a�n�d� n→ +∞

�d�o�n�c �l�e�� �d�e�u�x �s�é�r�i�e�� �à� �t�e�r�m�e�� �p�o�s�i�t�i�f�� ∑
n≥1

x

n(1 + 2nx)
�e�t ∑

n≥1

1

2n2
�o�n�t �l�a� �m�ê�m�e

�n�a�t�u�r�e �p�u�i�� ϕ(x) �e�s�t �b�i�e�n� �d�é�f�i�n�i�e.
(�b) P�o�u�r� �t�o�u�t �r�é�e�l x ≥ 0 �e�t �p�o�u�r� �t�o�u�t n ∈ N∗ , | x

n(1+2nx) | ≤
1

2n2

�l�a� �s�é�r�i�e ∑
n≥1

x

n(1 + 2nx)
�e�s�t �d�o�n�c �n�o�r�m�a�l�e�m�e�n�t, �p�u�i�� �u�n�i�f�o�r�m�é�m�e�n�t �c�o�n�v�e�r�-

�g�e�n�t�e �s�u�r� R+, �c�e �q�u�i� �p�e�r�m�e�t �d�'�a�p�p�l�i�q�u�e �l�e �t�h�é�o�r�è�m�e �d�u� �d�o�u�b�l�e �l�i�m�i�t�e, �d�'�o�ù�

lim
x→+∞

ϕ(x) =

+∞∑
n=1

lim
x→+∞

x

n(1 + 2nx)
=

+∞∑
n=1

1

2n2
=
π2
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P�r�o�b�l�è�m�e 1

P�a�r�t�i�e I : E�x�e�m�p�l�e��
1. R�a�p�p�e�l�o�n�� �q�u�e t 7→ eat �e�s�t �i�n�t�é�g�r�a�b�l�e �s�u�r� R+ �s�i�, �e�t �s�e�u�l�e�m�e�n�t �s�i� a < 0, �e�t �q�u�e

�d�a�n�� �c�e �c�a��, ∫ +∞
0

eatdt = −1
a .

L�a� �f�o�n�c�t�i�o�n� ϕα �e�s�t �c�o�n�t�i�n�u�e �s�u�r� R+ �e�t �o�n� �a� ∀x > 0 , ∀n > 0 ,
∫ +∞

0
ϕα(t)e−nxtdt =

−1
nx+α �d�o�n�c ϕα �e�s�t �u�n� �é�l�é�m�e�n�t �d�e L �e�t Nn(ϕα) = 1

nx+α .

2. (�a�) L�a� �f�o�n�c�t�i�o�n� C �e�s�t �c�o�n�t�i�n�u�e �s�u�r� R+ �e�t �e�t �o�n� �a� ∀x > 0 , ∀n > 0 ,
∫ +∞

0
C(t)e−nxtdt =

Re(
∫ +∞

0
e(−nx+iω)tdt) = Re( 1

nx−iω ) = nx
n2x2+ω2 �d�o�n�c C �e�s�t �u�n� �é�l�é�m�e�n�t �d�e L �e�t

Nn(C)(x) = nx
n2x2+ω2 .

(�b) D�e �m�ê�m�e �f�a�ç�o�n�, �o�n� �v�é�r�i�f�i�e�r� �q�u�e S �e�s�t �u�n� �é�l�é�m�e�n�t �d�e L �e�t �q�u�e Nn(S)(x) =

Im( 1
nx−iω ) = ω

n2x2+ω2 .

P�a�r�t�i�e II : C�o�m�p�o�r�t�e�m�e�n�t�� �a�s�y�m�p�t�o�t�i�q�u�e��
1. L�a� �f�o�n�c�t�i�o�n� f �e�s�t �s�u�p�p�o�s�é�e �b�o�r�n�é�e �s�u�r� R+, �d�'�o�ù� �l��e�x�i�s�t�e�n�c�e �d�e M0 = ‖f‖∞.

(�a�) |Nn(f)(x)| ≤M0

∫ +∞
0

e−nxtdt = M0

nx −→ 0 �q�u�a�n�d� x �t�e�n�d� �v�e�r�� +∞.
(�b) f ′ �e�s�t �b�o�r�n�é�e �s�u�r� R+, �d�'�o�ù� �l��e�x�i�s�t�e�n�c�e M1 = ‖f ′‖∞. f �e�s�t �d�e �c�l�a�s�s�e C1 �s�u�r�

R+, �d�o�n�c I.p�.p�. �e�s�t �a�p�p�l�i�c�a�b�l�e :

xNn(f)(x) =
−1

n
[f(t)e−nxt]∞0 +

1

n

∫ ∞
0

f ′(t)e−nxtdt =
f(0)

n
+

1

n

∫ ∞
0

f ′(t)e−nxtdt

�c�a�r� lim
t−→+∞

f(t)e−nxt = 0 ( �p�r�o�d�u�i�t �d�'�u�n�e �b�o�r�n�é�e �e�t �u�n�e �c�o�n�v�e�r�g�e�n�t�e �v�e�r�� 0 )
�d�o�n�c |xNn(f)(x)− f(0)

n | ≤M1

∫∞
0
e−nxtdt = M1

nx −→ 0, �q�u�a�n�d� x −→ +∞.
2. (�a�) P�a�r� �d�é�f�i�n�i�t�i�o�n� �d�e �l�i�m�i�t�e, �i�l �e�x�i�s�t�e A > 0, �v�é�r�i�f�i�a�n�t : ∀x > A , |f(t)− l| < 1. L�a�

�c�o�n�t�i�n�u�i�t�é �d�e f �s�u�r� �l�e �s�e�g�m�e�n�t [0, A] �n�o�u�� �d�o�n�n�e �l��e�x�i�s�t�e�n�c�e �d�e ‖f‖∞,[0,A].
P�a�r� �s�u�i�t�e, �o�n� �a� : ∀x ∈ R+ , |f(x)| ≤ max(|l|+ 1, ‖f‖∞,[0,A]).

(�b) �i�. S�o�i�t x > 0. P�a�r� �c�h�a�n�g�e�m�e�n�t �d�e �v�a�r�i�a�b�l�e u = xt, �o�n� �o�b�t�i�e�n�t �q�u�e xNn(f)(x) =∫ +∞
0

f( tx )e−ntdt.
�i�i�. P�o�s�o�n�� F (x, t) = f( tx )e−nt. O�n� �a� : �p�o�u�r� �t�o�u�t x > 0 , F (x, .) �e�s�t �c�o�n�t�i�n�u�e

�p�a�r� �m�o�r�c�e�a�u�x , �l�a� �f�o�n�c�t�i�o�n� t 7→ lim
x→0+

F (x, t) = le−nt �e�s�t �c�o�n�t�i�n�u�e �p�a�r�
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�m�o�r�c�e�a�u�x �s�u�r� R+ �e�t F �e�t �d�o�m�i�n�é�e �p�a�r� �l�a� �f�o�n�c�t�i�o�n� �c�o�n�t�i�n�u�e �e�t �i�n�t�é�g�r�a�b�l�e
t 7→ ‖f‖∞,R+e−nt. L�e �t�h�é�o�r�è�m�e �d�e �l�i�m�i�t�e �s�o�u�� �i�n�t�é�g�r�a�l�e �p�e�r�m�e�t �d�'�é�c�r�i�r�e :
lim
x→0+

∫ +∞

0

f(
t

x
)e−ntdt =

∫ +∞

0

lim
x→0+

f(
t

x
)e−ntdt = l

∫ +∞

0

e−ntdt =
l

n

�d�'�o�ù� lim
x→0+

xNn(f)(x) =
l

n
.

3. O�n� �a� gn =
∫ +∞

0
f(t)e

−nt
n+1 dt.

L�e�� �c�o�n�d�i�t�i�o�n�� �d�u� �t�h�é�o�r�è�m�e �d�e �l�a� �c�o�n�v�e�r�g�e�n�c�e �d�o�m�i�n�é�e �s�o�n�t �v�é�r�i�f�i�é�e�� :
• L�e�� fn : t 7→ f(t)e

−nt
n+1 �s�o�n�t �c�o�n�t�i�n�u�e�� ( �p�a�r� �m�o�r�c�e�a�u�x ) �s�u�r� R+.

• L�a� �s�u�i�t�e (fn) �c�o�n�v�e�r�g�e �s�i�m�p�l�e�m�e�n�t �v�e�r�� t 7→ f(t)e−t �q�u�i� �e�s�t �c�o�n�t�i�n�u�e ( �p�a�r�
�m�o�r�c�e�a�u�x ) �s�u�r� R+.
• L�a� �s�u�i�t�e �d�e �f�o�n�c�t�i�o�n�� (fn) �e�s�t �d�o�m�i�n�é�e �p�a�r� t 7→ |f(t)| �q�u�i� �e�s�t �c�o�n�t�i�n�u�e �p�a�r�
�m�o�r�c�e�a�u�x �e�t �i�n�t�é�g�r�a�b�l�e �s�u�r� R+.
D'�o�ù�

lim
n→+∞

gn =

∫ +∞

0

f(t)e−tdt = N1(f)(1)

P�a�r�t�i�e III : Q�u�e�l�q�u�e�� �p�r�o�p�r�i�é�t�é�� �d�e Nn

1. (�a�) S�o�i�t x > 0. L'�e�x�p�r�e�s�s�i�o�n� tme−nxt
2 �a�d�m�e�t �u�n�e �l�i�m�i�t�e �n�u�l�l�e, �q�u�a�n�d� t �t�e�n�d� �v�e�r��

+∞, �d�o�n�c, �p�a�r� �d�é�f�i�n�i�t�i�o�n� �d�e �l�a� �l�i�m�i�t�e, �i�l �e�x�i�s�t�e B > 0 �t�e�l �q�u�e �p�o�u�r� �t�o�u�t
t ≥ B , tme−

nxt
2 , �p�u�i��, �p�o�u�r� �t�o�u�t t ≥ B , tme−nxt ≤ e−nxt

2 .
(�b) gm �e�s�t �u�n�e �f�o�n�c�t�i�o�n� �c�o�n�t�i�n�u�e �s�u�r� R+ (�p�r�o�d�u�i�t �d�e �f�c�t�� �c�o�n�t. ) �e�t gm(t)e−nxt =

O(|f(t)|), �q�u�a�n�d� t→ +∞ , �d�o�n�c t 7→ gm(t)e−nxt ( �q�u�i� �e�s�t �b�i�e�n� �c�o�n�t�i�n�u�e ) �e�s�t
�i�n�t�é�g�r�a�b�l�e �s�u�r� R+, �d�'�o�ù� gm �e�s�t �u�n� �é�l�é�m�e�n�t �d�e L.

2. P�o�s�o�n�� F (x, t) = f(t)e−nxt �e�t �n�o�t�o�n�� �q�u�e ∀m ∈ N , tmF (x, t) = O(|f(t)|), �q�u�a�n�d�
t→ +∞ ( Q.1.a ).
(�a�) A�p�p�l�i�q�u�o�n�� �l�e �t�h�é�o�r�è�m�e �d�e �d�é�r�i�v�a�b�i�l�i�t�é �d�'�u�n�e �i�n�t�é�g�r�a�l�e �d�é�p�e�n�d�a�n�t �d�'�u�n� �p�a�-

�r�a�m�è�t�r�e, �o�n� �a� :
• F �a�d�m�e�t �u�n�e �d�é�r�i�v�é�e �p�a�r� �r�a�p�p�o�r�t �à� x, �d�o�n�n�é�e �p�a�r� ∂F∂x (x, t) = −ntF (x, t)

. • ∀x > 0 , t 7→ F (x, t) �e�s�t �c�o�n�t�i�n�u�e �p�a�r� �m�o�r�c�e�a�u�x �e�t �i�n�t�é�g�r�a�b�l�e �s�u�r� R+.
• ∀x > 0 , t 7→ ∂F

∂x (x, t) �e�s�t �c�o�n�t�i�n�u�e �p�a�r� �m�o�r�c�e�a�u�x �s�u�r� R+.
• ∀t ≥ 0 , x 7→ ∂F

∂x (x, t) �e�s�t �c�o�n�t�i�n�u�e �s�u�r� ]0,+∞[.
• ∀[a, b] ⊂ R∗+ , ∃ϕ ∈ Cm(R+,R) �i�n�t�é�g�r�a�b�l�e �t�e�l�l�e �q�u�e :

∀(x, t) ∈ [a, b]× R+ , |∂F
∂x

(x, t)| ≤ ϕ(t) = nt|f(t)|e−ant = O(|f(t)|)
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O�n� �e�n� �d�é�d�u�i�t �q�u�e �l�a� �f�o�n�c�t�i�o�n� Nn(f) : x 7→
∫ +∞

0
F (x, t)dt �e�s�t �d�e �c�l�a�s�s�e C1

�s�u�r� R∗+ �e�t �q�u�e

∀x > 0 , (Nn(f))′(x) =

∫ +∞

0

∂F

∂x
(x, t)dt =

∫ +∞

0

−ntF (x, t)dt = −nNn(g1)

(�b) A�p�p�l�i�q�u�o�n�� �l�e �t�h�é�o�r�è�m�e �d�e �d�é�r�i�v�a�b�i�l�i�t�é �d�'�o�r�d�r�e �s�u�p�é�r�i�e�u�r� �d�'�u�n�e �i�n�t�é�g�r�a�l�e
�d�é�p�e�n�d�a�n�t �d�'�u�n� �p�a�r�a�m�è�t�r�e. P�o�u�r� k ∈ N∗, �o�n� �a� :
• F �e�s�t �d�é�r�i�v�a�b�l�e k �f�o�i�� �p�a�r� �r�a�p�p�o�r�t �à� x �a�v�e�c ∂kF

∂xk (x, t) = (−nt)kF (x, t).
• ∀j ∈ [|0, k − 1|] , ∀x > 0 , t 7→ ∂jF

∂xj (x, t) = (−nt)jF (x, t) �e�s�t �c�o�n�t�i�n�u�e �p�a�r�
�m�o�r�c�e�a�u�x �e�t �i�n�t�é�g�r�a�b�l�e �s�u�r� R+.
• ∀x > 0 , t 7→ ∂kF

∂xk (x, t) �e�s�t �c�o�n�t�i�n�u�e �p�a�r� �m�o�r�c�e�a�u�x �s�u�r� R+.
• ∀t ≥ 0 , x 7→ ∂kF

∂xk (x, t) �e�s�t �c�o�n�t�i�n�u�e �s�u�r� R∗+.
• ∀[a, b] ⊂ R∗+ , ∃ϕ ∈ Cm(R+,R) �i�n�t�é�g�r�a�b�l�e �t�e�l�l�e �q�u�e :

∀(x, t) ∈ [a, b]× R+ ,

∣∣∣∣∂kF∂xk (x, t)

∣∣∣∣ ≤ ϕ(t) = nktk|f(t)|e−ant = O(|f(t)|)

O�n� �e�n� �d�é�d�u�i�t �q�u�e �l�a� �f�o�n�c�t�i�o�n� Nn(f) : x 7→
∫ +∞

0
F (x, t)dt �e�s�t �d�e �c�l�a�s�s�e Ck

�s�u�r� R∗+ �e�t �q�u�e

∀x > 0 , (Nn(f))(k)(x) =

∫ +∞

0

∂kF

∂xk
(x, t)dt =

∫ +∞

0

(−nt)kF (x, t)dt = (−n)kNn(gk)

�c�e�c�i� �e�s�t �p�o�u�r� �t�o�u�t k ∈ N, �d�'�o�ù� Nn(f) �e�s�t �d�e �c�l�a�s�s�e C∞.
3. (�a�) f ′ ∈ L �d�o�n�c Nn(f ′) �e�x�i�s�t�e �e�t �c�o�m�m�e f �e�s�t �d�e C1, �a�l�o�r�� �u�n�e I.P.P. �n�o�u��

�d�o�n�n�e :

Nn(f ′) =

∫ +∞

0

f ′(t)e−nxtdt = [f(t)e−nxt]+∞0 + nx

∫ +∞

0

f(t)e−nxtdt

f �e�s�t �b�o�r�n�é�e �e�t dlimt→+∞e
−nxt = 0 �d�o�n�c [f(t)e−nxt]+∞0 = −f(0),

�d�'�o�ù� �l��é�g�a�l�i�t�é �c�h�e�r�c�h�é�e.
(�b) I�c�i� f ′ �v�é�r�i�f�i�e �l�e�� �c�o�n�d�i�t�i�o�n� �d�e QIII.3.b., �d�o�n�c

Nn(f ′′) = nxNn(f ′)− f ′(0) = nx(nxNn(f)− f(0))− f ′(0)

.
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4. P�a�r� �r�é�c�u�r�r�e�n�c�e �s�u�r� k ∈ N∗ :
• , k = 1 Q.III.3.a

• , P(k)⇒ P(k + 1) :
O�n� �s�u�p�p�o�s�e f �e�s�t �d�e �c�l�a�s�s�e Ck+1 �s�u�r� R+ �e�t �p�o�u�r� �t�o�u�t
j ∈ N , 0 ≤ j ≤ k , f (j) �e�s�t �b�o�r�n�é�e �s�u�r� R+ �e�t f (k+1) �e�s�t �u�n� �é�l�é�m�e�n�t �d�e L. E�n�
�a�p�p�l�i�q�u�a�n�t Q.III.3.a �s�u�r� f (k), �o�n� �o�b�t�i�e�n�t :

∀x ∈ R∗+ , Nn((f (k))′)(x) = nxNn(f (k))(x)− f (k)(0)

E�t �l��h�y�p�o�t�h�è�s�e �d�e �r�é�c�u�r�r�e�n�c�e �p�e�r�m�e�t �d�e �d�é�d�u�i�r�e �q�u�e

∀x ∈ R∗+ , Nn(f (k+1))(x) = (nx)k+1Nn(f)(x)−
k+1∑
i=1

(nx)i−1f (k+1−i)(0)

P�a�r�t�i�e IV : I�n�j�e�c�t�i�v�i�t�é �d�e Nn

1. (�a�) S�o�i�t P (t) =

p∑
k=0

akt
k. O�n� �a� :
∫ 1

0

P (t)h(t)dt =

p∑
k=0

ak

∫ 1

0

tmh(t)dt = 0

(�b) P�a�r� �t�h�é�o�r�è�m�e �d�e W�e�i�e�r�s�t�r�a�s��, �l�a� �f�o�n�c�t�i�o�n� �r�é�e�l�l�e �c�o�n�t�i�n�u�e h �s�u�r� [0, 1] �e�s�t
�u�n�e �l�i�m�i�t�e �u�n�i�f�o�r�m�e �d�'�u�n�e �s�u�i�t�e (Pi)i �d�e �p�o�l�y�n�ô�m�e�� �r�é�e�l�� �s�u�r� [0, 1]. C�e�t�t�e
�c�o�n�v�e�r�g�e�n�c�e �u�n�i�f�o�r�m�e �p�e�r�m�e�t �d�e �d�é�d�u�i�r�e �c�e�l�l�e �d�e hPi �v�e�r�� h2 ( h �e�s�t �b�o�r�n�é�e
) �e�t �a�u�s�s�i� �d�'�é�c�r�i�r�e :∫ 1

0

h2(t)dt =

∫ 1

0

lim
i→+∞

Pi(t)h(t)dt = lim
i→+∞

∫ 1

0

Pi(t)h(t)dt = 0

O�n� �e�n� �c�o�n�c�l�u�t �p�a�r� �p�o�s�i�t�i�v�i�t�é �s�t�r�i�c�t�e �q�u�e h �e�s�t �n�u�l�l�e �s�u�r� [0, 1].
2. S�o�i�t f �u�n� �é�l�é�m�e�n�t �d�e L, �o�n� �p�o�s�e �p�o�u�r� �t�o�u�t t ≥ 0 , hn(t) =

∫ t
0
e−nuf(u)du.

(�a�) L�a� �f�o�n�c�t�i�o�n� hn �e�s�t �d�e �c�l�a�s�s�e C1 �s�u�r� R+ ( �p�r�i�m�i�t�i�v�e �d�'�u�n�e �f�o�n�c�t�i�o�n� �c�o�n�t�i�n�u�e
�s�u�r� �u�n� �i�n�t�e�r�v�a�l�l�e ) �a�v�e�c h′n(t) = f(t)e−nt �p�o�u�r� �t�o�u�t t ≥ 0, �e�t �b�o�r�n�é�e �c�a�r�

∀t ≥ 0 , |hn(t)| ≤
∫ t

0

|f(u)|e−nudu ≤
∫ ∞

0

|f(u)|du < +∞

�e�t �a�u�s�s�i� h′n ∈ L �c�a�r� �c�o�n�t�i�n�u�e �e�t �p�o�u�r� �t�o�u�t x > 0 �e�t �t�o�u�t m ∈ N∗ �l�a� �f�o�n�c�t�i�o�n�
t 7→ h′n(t)e−mxt = f(t)e−(n+mx)t �e�s�t �i�n�t�é�g�r�a�b�l�e ( f ∈ L ). P�a�r� Q.III.3.a., �o�n� �a� :

Nn(h′n)(x) = nxNn(hn)(x)− hn(0) = nxNn(hn)(x)
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S�o�i�t k > 0. O�n� �a� :
Nn(f)(1 + k) =

∫ ∞
0

f(t)e−nte−nktdu

=

∫ ∞
0

h′n(t)e−nktdu

= Nn(h′n)(k)

= nkNn(hn)(k)

(�b) �i�. S�o�i�e�n�t k ≥ 0 �e�t 0 < x < 1. P�a�r� �l�e �c�h�a�n�g�e�m�e�n�t �d�e �v�a�r�i�a�b�l�e�� t = − lnu
n , �o�n�

�o�b�t�i�e�n�t :∫ 1

x

ukhn(− lnu

n
)du =

∫ − ln x
n

0

hn(t)e−n(k+1)tdt −→ nNn(hn)(k+1) �q�u�a�n�d� x −→ 0

D'�o�ù� �l�a� �c�o�n�v�e�r�g�e�n�c�e �d�e �l��i�n�t�é�g�r�a�l�e ∫ 1

0
ukhn(− lnu

u )du. S�a� �v�a�l�e�u�r� �e�s�t �n�u�l�l�e
�c�a�r� nNn(hn)(k + 1) = 1

k+1Nn(f)(k + 2) = 0.
�i�i�. O�n� �p�o�s�e g(t) = hn(− ln t

n ) , 0 < t ≤ 1 �e�t g(0) = Nn(f)(1). g �e�s�t �u�n�e �f�o�n�c�t�i�o�n�
�c�o�n�t�i�n�u�e �s�u�r� [0, 1] �t�e�l�l�e �q�u�e k ∈ N ,

∫ 1

0
ukg(u)du = 0. S�e�l�o�n� QIV.1.b g �e�s�t

�n�u�l�l�e �s�u�r� [0, 1], �e�n� �c�o�m�p�o�s�a�n�t �à� �d�r�o�i�t�e �p�a�r� t 7→ e−nt, �o�n� �o�b�t�i�e�n�t �q�u�e hn
�e�s�t �n�u�l�l�e.

3. O�n� �v�é�r�i�f�i�e �f�a�c�i�l�e�m�e�n�t �q�u�e L �e�s�t �u�n� ��.e.v. �d�e C(R+,R) �e�t �q�u�e Nn �e�s�t �l�i�n�é�a�i�r�e.
S�o�i�e�n�t f ∈ Ker(Nn) �e�t hn �u�n�e �f�o�n�c�t�i�o�n� �d�é�f�i�n�i�e �s�u�r� R+ �p�a�r� : hn(t) =

∫ t
0
e−nuf(u)du.

O�n� �a� �p�o�u�r� �t�o�u�t k > 0 , Nn(f)(k + 1) = 0 �d�o�n�c hn �e�s�t �n�u�l�l�e �p�u�i�� �s�a� �d�é�r�i�v�é�e
�e�s�t �n�u�l�l�e �a�u�s�s�i�, �m�a�i�� �s�a� �d�é�r�i�v�é�e �e�s�t �d�o�n�n�é�e �p�a�r� : h′n(t) = e−ntf(t), �d�o�n�c f �e�s�t
�n�u�l�l�e.
O�n� �e�n� �c�o�n�c�l�u�t �q�u�e �l��a�p�p�l�i�c�a�t�i�o�n� Nn �d�é�f�i�n�i�e �s�u�r� L �e�s�t �i�n�j�e�c�t�i�v�e.

P�a�r�t�i�e V : A�p�p�l�i�c�a�t�i�o�n� �d�e �c�a�l�c�u�l �d�e �l��i�n�t�é�g�r�a�l�e �d�e D�i�r�i�c�h�l�e�t
1. S�o�i�t x > 0. O�n� �a� :

G(x) =

∫ x

0

sinωt

t
dt

= [
1− cosωt

ωt
]x0 +

∫ x

0

1− cosωt

ωt2
dt

=
1− cosωx

ωx
+

∫ x

0

1− cosωt

ωt2
dt

�c�a�r� lim
t→0

1− cosωt

ωt
= 0. C�o�m�m�e ∫∞

0
1−cosωt
ωt2 dt �e�s�t �a�b�s�o�l�u�m�e�n�t �c�o�n�v�e�r�g�e�n�t�e ( �c�a�r�

�p�r�o�l�o�n�g�e�a�b�l�e �p�a�r� �c�o�n�t�i�n�u�i�t�é �e�n� 0 �e�t �s�o�n� �e�x�p�r�e�s�s�i�o�n� �e�s�t �d�o�m�i�n�é�e �p�a�r� 1
t2 �e�n�
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+∞ ) �e�t 1−cosωx
ωx = O( 1

ωx ) �q�u�a�n�d� x→ +∞, �a�l�o�r�� G �a�d�m�e�t �u�n�e �l�i�m�i�t�e �f�i�n�i�e �e�n� +∞.
Á �s�a�v�o�i�r� : lim

x→+∞
G(x) =

∫ ∞
0

1− cosωt

ωt2
dt.

2. (�a�) I�l �e�s�t �c�l�a�i�r� �q�u�e g �e�s�t �c�o�n�t�i�n�u�e �s�u�r� R+ �e�t ∀x,m > 0 , t 7→ g(t)e−mxt �e�s�t
�p�r�o�l�o�n�g�e�a�b�l�e �e�n� 0 �e�t �n�é�g�l�i�g�e�a�b�l�e �d�e�v�a�n�t t 7→ e−mxt �e�n� +∞ �d�o�n�c �e�l�l�e �e�s�t
�i�n�t�é�g�r�a�b�l�e �s�u�r� R+. O�n� �e�n� �d�é�d�u�i�t �q�u�e g ∈ L.P�a�r� QIII, 2.a., �o�n� �a� , �p�o�u�r� �t�o�u�t
x ≥ 0 :

(Nn(g))′(x) = −nNn(g1)(x) = −n sin(ωt)e−nxtdt = −nNn(S)(x) =
−nω

n2x2 + ω2

E�n� �p�r�i�m�i�t�i�v�a�n�t, �o�n� �o�b�t�i�e�n�t : Nn(g)(x) = − arctan(nxω ) + cte.
O�n� �a� g �e�s�t �b�o�r�n�é�e �c�a�r� �c�o�n�t�i�n�u�e �d�e �l�i�m�i�t�e �n�u�l�l�e �e�n� +∞, �d�o�n�c, �d�'�a�p�r�è��
Q.II.1.a., lim

x→+∞
Nn(g)(x) = 0 �d�'�o�ù� cte = π

2 .
O�n� �e�n� �c�o�n�c�l�u�t �q�u�e, �p�o�u�r� �t�o�u�t x ∈ R∗+ , Nn(g)(x) = π

2 − arctan((nω )x).
(�b) �i�. G �e�s�t �d�e �c�l�a�s�s�e C1 �e�t �b�o�r�n�é�e �s�u�r� R+ ( �l�i�m�i�t�e �f�i�n�i�e �e�n� +∞ ) �t�e�l�l�e �q�u�e

G′ = g ∈ L �e�t G(0) = 0. D'�a�p�r�è�� Q.III.3.a., �o�n� �a� :

x ∈ R∗+ , Nn(g)(x) = nxNn(G)(x)−G(0) = nxNn(G)(x)

�i�i�. R�a�p�p�e�l�o�n�� �q�u�e : l = lim
x→+∞

G(x). O�n� �a� :

Nn(g)(x)− l = nxNn(G)(x)− lnx
∫ +∞

0

e−nxtdt

= nx

(∫ +∞

0

e−nxt(G(t)− l)dt
)

=

∫ +∞

0

e−u
(
G
( u

nx

)
− l
)
du

P�u�i�s�q�u�e e−u (G ( unx)− l)→ 0, �q�u�a�n�d� x→ 0+ �p�o�u�r� �t�o�u�t u ∈ R∗+

�e�t �p�o�u�r� �t�o�u�t u > 0 �e�t �t�o�u�t x > 0, ∣∣e−u (G ( unx)− l)∣∣ ≤ e−u (‖G‖∞ + |l|), �q�u�i�
�l��x�p�r�e�s�s�i�o�n� �d�'�u�n�e �f�o�n�c�t�i�o�n� �i�n�t�é�g�r�a�b�l�e �s�u�r� R+, �a�l�o�r�� �p�a�r� �l�e �t�h�é�o�r�è�m�e �d�e
�c�o�n�v�e�r�g�e�n�c�e �d�o�m�i�n�é�e,

lim
x→0+

∫ +∞

0

e−u
(
G
( u

nx

)
− l
)
du = 0

�p�a�r� �s�u�i�t�e : lim
x→0+

Nn(g)(x) = l.
L�a� �q�u�e�s�t�i�o�n� QV.2.a. �p�e�r�m�e�t �d�e �c�a�l�c�u�l�e�r� �c�e�t�t�e �l�i�m�i�t�e �a�u�t�r�e�m�e�n�t, �c�e �q�u�i�
�d�o�n�n�e, �p�a�r� �u�n�i�c�i�t�é �d�e �l�i�m�i�t�e :

l =
π

2
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L�a� �f�o�n�c�t�i�o�n� g �e�s�t �i�n�t�é�g�r�a�b�l�e �s�u�r� R+, �d�'�a�p�r�è�� QII.3., �o�n� �a� :

lim
n→+∞

∫ +∞

0

g(t)e
−nt
n+1 dt = N1(g)(1) =

∫ +∞

0

g(t)e−tdt =

E�n� �d�é�d�u�i�r�e �l�a� �v�a�l�e�u�r� �d�e ∫ +∞
0

sinωt
t dt.

P�a�r�t�i�e VI : A�p�p�l�i�c�a�t�i�o�n� �à� �l�a� �r�é�s�o�l�u�t�i�o�n� �d�e�� �é�q�u�a�t�i�o�n�� �d�i�f�f�é�r�e�n�-
�t�i�e�l�l�e��
S�o�i�t m �u�n� �e�n�t�i�e�r� �n�a�t�u�r�e�l �n�o�n� �n�u�l, �o�n� �c�o�n�s�i�d�è�r�e �l��é�q�u�a�t�i�o�n� �d�i�f�f�é�r�e�n�t�i�e�l�l�e �l�i�n�é�a�i�r�e �d�'�o�r�d�r�e
m, �à� �c�oe�f�f�i�c�i�e�n�t�� �c�o�n�s�t�a�n�t�� :

(E) a0y
(m) + a1y

(m−1) + ...+ amy = f(t),

�a�v�e�c �l�e�� �c�o�n�d�i�t�i�o�n�� �i�n�i�t�i�a�l�e�� : y(0) = y0 , y
′(0) = y1 , y

(m−1)(0) = ym−1, �a�v�e�c (a0, a1, ..., am) ∈

Rm+1 , a0 6= 0 , (y0, y1, ..., ym−1) ∈ Rm �e�t f ∈ L. O�n� �v�o�u�d�r�a�i�t �t�r�o�u�v�e�r� �l�a� �s�o�l�u�t�i�o�n� �d�e
y = y(t) �p�o�u�r� t ≥ 0 �d�e (E).

1. J�e �n�e �v�o�i�� �p�a�� �c�o�m�m�e�n�t �j�e �p�o�u�r�r�a�i� �c�a�l�c�u�l�e�r� �l�a� �t�r�a�n�s�f�o�r�m�é �d�e L�a�p�l�a�c�e �d�e y �s�i�
�c�e �d�e�r�n�i�e�r� �n�'�e�s�t �p�a�� �u�n� �é�l�é�m�e�n�t �d�e L, �e�t �m�ê�m�e �s�i� y ∈ L �j�e �n�e �t�r�o�u�v�e �p�a�� �d�e
�m�a�n�i�è�r�e �p�o�u�r� �r�é�p�o�n�d�r�e �à� �c�e�t�t�e �q�u�e�s�t�i�o�n� �s�a�n�� �p�a�s�s�e�r� �p�a�r� Q.II.4., �p�o�u�r� �c�e�l�a�
�j�e �s�u�p�p�o�s�e �q�u�e �l�a� �s�o�l�u�t�i�o�n� y ( �q�u�i� �e�s�t �e�n� �p�a�r�t�i�c�u�l�i�e�r� �d�e �c�l�a�s�s�e Cm ) �v�é�r�i�f�i�e
�l�e�� �c�o�n�d�i�t�i�o�n�� �s�u�i�v�a�n�t�e�� :
• y, y′ , ..., y(m−1) �s�o�n�t �b�o�r�n�é�e�� �s�u�r� R+.
• y′ , ..., y(m) �s�o�n�t �d�a�n�� L.
P�a�r� �l�i�n�é�a�r�i�t�é �d�e Nn, �o�n� �a� :

a0Nn(y(m)) + a1Nn(y(m−1)) + ...+ amNn(y) = Nn(f)

P�a�r� Q.II.4., �o�n� �a� :

∀k = 1, ...,m , ∀x ≥ 0 , Nn(y(k))(x) = (nx)kNn(y)(x)−
k∑
i=1

yk−i(nx)i−1

�d�o�n�c
m∑
k=1

akNn(y(n−k))(x) =

m∑
k=1

ak(nx)kNn(y)(x)−
m∑
k=1

ak

k∑
i=1

yk−i(nx)i−1

O�n� �p�o�s�e ϕn,m(x) =

m∑
k=0

ak(nx)m−k �e�t ψn,m−1(x) =

m∑
k=1

ak

k∑
i=1

yk−i(nx)i−1. �l�e�� �c�o�n�d�i�-
�t�i�o�n�� �s�u�r� �l�e �d�e�g�r�é �s�o�n�t �j�u�s�t�i�f�i�é�e�� �p�a�r� �l�a� �f�o�r�m�e �e�t a0 6= 0, �e�t �o�n� �a� �b�i�e�n� �l�a�
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�f�o�r�m�u�l�e :
Nn(y)(x) =

ψn,m−1(x)

ϕn,m(x)
+
Nn(f)(x)

ϕn,m(x)

2. O�n� �a� : N1(y′′)(x) = x2N1(y)(x)− x− 2 , N1(y′)(x) = xN1(y)− 1

�e�n� �p�r�e�n�a�n�t f(x) = 2e
−3t
2 , �o�n� �t�r�o�u�v�e : N1(f)(x) = 2

x+ 3
2

(Q.I.2.b.)

E�n� �a�p�p�l�i�q�u�a�n�t N1 �s�u�r� �l��é�q�u�a�t�i�o�n� y′′ + 3y′ + 2y = 2e
−3
2 t, �e�t �e�f�f�e�c�t�u�a�n�t �u�n�e �d�é�c�o-

�m�o�s�i�t�i�o�n� �e�n� �é�l�é�m�e�n�t�� �s�i�m�p�l�e��, �o�n� �o�b�t�i�e�n�t

N1(y) =
1

x+ 2
+

8

x+ 1
− 8

x+ 3
2

P�a�r� (Q.I.2.b.), �o�n� �a� : 1
x+2 + 8

x+1 −
8

x+ 3
2

= N1(g)(x) �a�v�e�c g(t) = e−2t + 8e−t − 8e−
3t
2 .

O�n� �e�n� �d�é�d�u�i�t �p�a�r� �i�n�j�e�c�t�i�v�i�t�é �d�e N1 �q�u�e : y = g.
3. E�n� �s�u�i�v�a�n�t �l�a� �m�ê�m�e �d�é�m�a�r�c�h�e, �o�n� �o�b�t�i�e�n�t :

y(t) =
e−t

4
+

19e−3t

20
− cos t

5
+

sin t

10

4. O�n� �p�o�s�e zi = N1(yi) , i = 1, 2.
E�n� �a�p�p�l�i�q�u�a�n�t N1 �a�u� �s�y�s�t�è�m�e �d�i�f�f�é�r�e�n�t�i�e�l, �o�n� �o�b�t�i�e�n�t :

(S)

 (x− 1)z1 + (x+ 1)z2 = 2x+2
x+3

(x+ 3)z1 + (2x+ 1)z2 = x2+5x+2
x2+1

E�n� �r�é�s�o�l�v�a�n�t �p�a�r� �p�i�v�o�t �d�e G�a�u�s��, �o�n� �o�b�t�i�e�n�t :

z1(x) =
1

x2 + 1

z2(x) =
2x2 + 3x+ 1

(x2 + 1)(x+ 3)
=

1

x+ 3
+

x

x2 + 1

�d�'�o�ù�

y1(t) = sin t

y2(t) = e−3t + cos t

P�r�o�b�l�è�m�e 2

S�o�i�t (Ω,A, P ) �u�n� �e�s�p�a�c�e �p�r�o�b�a�b�i�l�i�s�é, �o�n� �a�p�p�e�l�l�e �f�o�n�c�t�i�o�n� �g�é�n�é�r�a�t�r�i�c�e �d�'�u�n�e �v�a�r�i�a�b�l�e
�a�l�é�a�t�o�i�r�e �r�é�e�l�l�e X �à� �v�a�l�e�u�r�� �d�a�n�� N , �l�o�r�s�q�u�'�e�l�l�e �e�x�i�s�t�e, �l�a� �f�o�n�c�t�i�o�n� GX �d�é�f�i�n�i�e �p�a�r� :

GX(t) = E(tX) =

+∞∑
k=0

tkP (X = k).
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P�a�r�t�i�e I : Q�u�e�l�q�u�e�� �p�r�o�p�r�i�é�t�é�� �d�e �l�a� �f�o�n�c�t�i�o�n� �g�é�n�é�r�a�t�r�i�c�e �e�t �q�u�e�l�q�u�e��
�e�x�e�m�p�l�e��

1. O�n� �a�
+∞∑
k=0

P (X = k) = 1, �d�o�n�c R = Rcv(
∑
k≥0

tkP (X = k)) ≥ 1 �p�u�i�� �s�a� �s�o�m�m�e GX

�e�s�t �a�u� �m�o�i�n�� �d�é�f�i�n�i�e �s�u�r� �l��i�n�t�e�r�v�a�l�l�e [−1, 1].
2. L�a� �s�o�m�m�e GX �e�s�t �d�e �c�l�a�s�s�e C∞ �s�u�r� ]−R,R[ �a�v�e�c

∀k ∈ N , ∀x ∈]−R,R[ , G
(k)
X (x) =

∞∑
i=k

i!

(i− k)!
ti−kP (X = i)

E�n� �p�a�r�t�i�c�u�l�i�e�r�, �p�o�u�r� k ∈ N , G
(k)
X (0) = k!P (X = k).

3. (�a�) S�i� X ↪→ B(p), �a�l�o�r�� GX(t) = 1− p+ pt , �p�o�u�r� �t�o�u�t t ∈ R.
(�b) S�i� X ↪→ B(n, p), �a�l�o�r�� GX(t) = (1− p+ pt)n , �p�o�u�r� �t�o�u�t t ∈ R.
(�c) S�i� X ↪→ G(p), �a�l�o�r�� GX(t) = pt

1−(1−p)t , �p�o�u�r� �t�o�u�t |t| < 1
1−p .

4. C�o�m�m�e R ≥ 1 �a�l�o�r�� GX �e�s�t �c�o�n�t�i�n�u�e �s�u�r� [−1, 1] �e�t �d�e �c�l�a�s�s�e C∞ �s�u�r� ] − 1, 1[.
L�a� �r�e�s�t�r�i�c�t�i�o�n� �d�e �s�a� �d�é�r�i�v�é�e �s�e�c�o�n�d�e �s�u�r� [0, 1[ �e�s�t �p�o�s�i�t�i�v�e, �c�e �q�u�i� �i�m�p�l�i�q�u�e
�q�u�e G′X �e�s�t �c�r�o�i�s�s�a�n�t�e �e�t �s�a� �l�i�m�i�t�e �e�n� 1− �e�x�i�s�t�e �d�a�n�� R+ ∪ {+∞} ( T�h�é�o�r�è�m�e
�d�e �l�a� �l�i�m�i�t�e �m�o�n�o�t�o�n�e ). N�o�t�o�n�� �c�e�t�t�e �l�i�m�i�t�e �p�a�r� l.
• S�i� l ∈ R �a�l�o�r�� GX �e�s�t �d�é�r�i�v�a�b�l�e �e�n� 1 ( �p�r�o�l�o�n�g�e�m�e�n�t �d�é�r�i�v�a�b�l�e ) �a�v�e�c G′X(1) = l.
P�o�u�r� 0 ≤ x < 1 , n ∈ N∗ ,

n∑
k=1

kxk−1P (X = k) ≤ G′X(x) ≤ G′X(1) ( G′X �e�s�t ↗ )

L�a� �s�u�i�t�e (

n∑
k=1

kxk−1P (X = k))n �e�s�t ↗ �e�t �m�a�j�o�r�é�e �d�o�n�c �e�l�l�e �c�o�n�v�e�r�g�e. L�a� �c�o�n�v�e�r�-
�g�e�n�c�e �d�e �c�e�t�t�e �s�u�i�t�e �a�s�s�u�r�e �l�a� �c�o�n�v�e�r�g�e�n�c�e �n�o�r�m�a�l�e ( �p�u�i�� �u�n�i�f�o�r�m�e ) �d�e �l�a�
�s�é�r�i�e∑
n≥1

nxn−1P (X = n) �s�u�r� [0, 1]. E�n� �p�e�r�m�u�t�a�n�t �l�e�� �s�i�g�n�e�� ∫ �e�t ∑, �o�n� �o�b�t�i�e�n�t :

G′X(1) = lim
t→1−

G′X(t) = lim
t→1−

+∞∑
n=1

ntn−1P (X = n) =

+∞∑
n=1

nP (X = n) = E(X)

• S�i� l = +∞, �o�n� �c�o�n�s�i�d�è�r�e �u�n� �r�é�e�l A > 0 �q�u�e�l�c�o�n�q�u�e. P�a�r� �d�é�f�i�n�i�t�i�o�n� �d�e �l�a�
�l�i�m�i�t�e, �i�l �e�x�i�s�t�e �u�n� 0 < x < 1 �a�s�s�e�z �p�r�o�c�h�e �d�e 1 �t�e�l �q�u�e G′X(x) > A �c�o�m�m�e
G′X(x) = lim

n→+∞

n∑
k=1

kxk−1P (X = k), �a�l�o�r��, �à� �p�a�r�t�i�r� �d�'�u�n� �c�e�r�t�a�i�n� �r�a�n�g N , �o�n� �a�
n∑
k=1

kP (X = k) ≥
n∑
k=1

kxk−1P (X = k) > A, �c�e�c�i� �p�o�u�r� �t�o�u�t A > 0 �d�'�o�ù� E(X) = +∞.
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5. S�u�p�p�o�s�o�n�� �q�u�e �l�a� �v�a�r�i�a�b�l�e �a�l�é�a�t�o�i�r�e X �a�d�m�e�t �u�n� �m�o�m�e�n�t �d�'�o�r�d�r�e 2.
E�n� �p�a�r�t�i�c�u�l�i�e�r� E(X) �e�s�t �f�i�n�i�e �d�o�n�c G′X �e�s�t �d�e �c�l�a�s�s�e C1 ( �e�n� �f�a�i�t �l�e �t�h�é�o�r�è�m�e �d�e
�p�r�o�l�o�n�g�e�m�e�n�t �d�é�r�i�v�a�b�l�e �n�o�u�� �d�o�n�n�e �q�u�e �l�a� �f�o�n�c�t�i�o�n� �e�s�t �d�e �c�l�a�s�s�e C1 �a�u� �p�o�i�n�t
�d�e �p�r�o�l�o�n�g�e�m�e�n�t ) .
P�o�u�r� 0 < x < 1, �o�n� �a�

G′X(x)−G′X(1)

x− 1
=

1

x− 1

( ∞∑
k=1

kxk−1P (X = k)−
∞∑
k=1

kP (X = k)

)

=

∞∑
k=2

k
xk−1 − 1

x− 1
P (X = k)

=

∞∑
k=2

k(1 + x+ ...+ xk−2)P (X = k)

P�u�i�s�q�u�e ∀n ≥ 2 , |k(1 + x+ ...+ xk−2)P (X = k)| ≤ k(k − 1)P (X = k)

�e�t ∑
k≥2

k(k − 1)P (X = k) �e�s�t �c�o�n�v�e�r�g�e�n�t�e �d�e �s�o�m�m�e E(X(X − 1)),

�a�l�o�r�� �l�a� �s�é�r�i�e ∑
k≥2

k(1 + x + ... + xk−2)P (X = k) �c�o�n�v�e�r�g�e �n�o�r�m�a�l�e�m�e�n�t �s�u�r� [0, 1]

�p�u�i��

lim
x→1−

G′X(x)−G′X(1)

x− 1
= lim
x→1−

∞∑
k=2

k(1+x+...+xk−2)P (X = k) =

∞∑
k=2

k(k−1)P (X = k) = E(X(X−1))

O�n� �e�n� �d�é�d�u�i�t �q�u�e G′X �e�s�t �d�é�r�i�v�a�b�l�e �e�n� 1 �e�t �q�u�e

V (X) = E(X(X − 1))− E(X)2 + E(X) = G′′X(1)− (G′X(1))2 +G′X(1)

R�é�c�i�p�r�o�q�u�e�m�e�n�t, �s�i� GX �e�s�t �s�u�p�p�o�s�é�e �d�e�u�x �f�o�i�� �d�é�r�i�v�a�b�l�e �e�n� 1, �s�a� �p�r�e�m�i�è�r�e
�d�é�r�i�v�a�b�i�l�i�t�é �p�r�e�m�i�è�r�e, �n�o�u�� �d�o�n�n�e �q�u�e G′X �e�s�t �c�o�n�t�i�n�u�n�e �s�u�r� [0, 1], �e�l�l�e �e�s�t �d�é�j�à�
�d�é�r�i�v�a�b�l�e �s�u�r� [0,1[, �d�o�n�c �p�a�r� T.A.F :

∀x ∈]0, 1[ ,
G′X(x)−G′X(1)

x− 1
=

∞∑
k=2

k
xk−1 − 1

x− 1
P (X = k)

∞∑
k=2

k(1+x+...+xk−2)P (X = k)

�e�t �e�t F�i�x�o�n�� �u�n� �e�n�t�i�e�r� n ≥ 2, �o�n� �a� :
n∑
k=2

k(k−1)P (X = k) = lim
t→1−

n∑
k=2

k(k−1)tk−2P (X = k) ≤ lim
t→1−

∞∑
k=2

k(k−1)tk−2P (X = k) = G′′X(1)

C�e�c�i� �p�o�u�r� �t�o�u�t n ≥ 2, �d�'�o�ù� �l��e�x�i�s�t�e�n�c�e �d�e E(X(X − 1)), �p�u�i�� E(X2).
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6. S�i� 0 < p < 1 �a�l�o�r�� 1
1−p > 1 �p�u�i�� GX �a�d�m�e�t �u�n� �m�o�m�e�n�t �d�'�o�r�d�r�e 2. C�o�m�m�e

G′X(t) =
p

(1− (1− p)t)2
, G′′X(t) =

2p(1− p)
(1− (1− p)t)3

�a�l�o�r�� E(X) = 1
p �e�t 1−p

p2 .

P�a�r�t�i�e II : L�a� �f�o�n�c�t�i�o�n� �g�é�n�é�r�a�t�r�i�c�e �d�'�u�n�e �s�o�m�m�e �d�e �v�a�r�i�a�b�l�e�� �a�l�é�a�-
�t�o�i�r�e��

1. S�o�i�t |t| < R �a�v�e�c R �e�s�t �l�e �p�l�u�� �p�e�t�i�t �d�e�� �r�a�y�o�n�� �d�e �c�o�n�v�e�r�g�e�n�c�e �d�e �t�o�u�t�� �l�e��
�s�é�r�i�e�� �e�n�t�i�è�r�e�� �d�o�n�t �l�e�� �s�o�m�m�e�� �s�e�r�o�n�t GX1 , ..., GXk

�e�t GX1+...+Xk
.

C�o�m�m�e X1, ..., Xk �s�o�n�t �i�n�d�é�p�e�n�d�a�n�t�e�� �a�l�o�r�� �l�e�� �v�a�r�i�a�b�l�e�� tX1 , ..., tXk �l�e �s�o�n�t �a�u�s�s�i�
( �i�n�d�é�p�e�n�d�a�n�c�e�� �h�é�r�i�t�é�e�� ) �p�u�i��

GX1+...+Xk
(t) = E(tX1+...+Xk) = E(

k∏
i=1

tXi) =

k∏
i=1

E(tXi) =

k∏
i=1

G(Xi)

L�e�� Xi �o�n�t �l�a� �m�ê�m�e �l�o�i� �q�u�e X , �d�o�n�c GX1+...+Xk
=

k∏
i=1

G(Xi) = GkX .

2. (�a�) O�n� �a� : E(Y ) =
∑

y∈Y (Ω)

yP (Y = y) �e�t �p�a�r� �p�r�o�b�a�b�i�l�i�t�é�� �t�o�t�a�l�e�s, �o�n� �a� :

∀y ∈ Y (Ω) , P (Y = y) =

n∑
k=1

P (Y = y,N = k) =

n∑
k=1

P (Y = y|N = k)P (N = k)

�o�n� �p�e�u�t �p�e�r�m�u�t�e�r� �l�e�� ∑ �q�u�i� �s�o�n�t �f�i�n�i�� �p�o�u�r� �a�v�o�i�r� :

E(Y ) =

n∑
k=1

P (N = k)
∑

y∈Y (Ω)

yP (Y = y|N = k) =

n∑
k=1

P (N = k)E(Y |[N = k])

(�b) S�o�i�e�n�t k ∈ [|1, n|] �e�t t ∈ R. O�n� �p�o�s�e Y = tS , �o�n� �a� :
E(tS |[N = k]) =

∑
y∈Y (Ω)

yP (Y = y|N = k)

=
∑

s∈S(Ω)

tsP (S = s|N = k)

=
∑

s∈(

k∑
i=1

Xi)(Ω)

tsP (S =

k∑
i=1

Xi = s)

= G∑k
i=1Xi

(t)

= GkX(t)
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(�c) P�o�u�r� �t�o�u�t �r�é�e�l t , GS(t) = E(tS) =

n∑
k=1

P (N = k)E(Y |[N = k]) =

n∑
k=1

P (N =

k)GkX(t).

(�d�) P�o�u�r� �t�o�u�t �r�é�e�l t ,
GN (GX(t)) =

n∑
k=1

(GX(t))kP (N = k) = GS(t), �d�'�o�ù� GS = GN ◦GX .

3. L�e�� �f�o�n�c�t�i�o�n�� �p�o�l�y�n�o�m�i�a�l�e�� �s�o�n�t �d�é�r�i�v�a�b�l�e��, �d�o�n�c, �p�o�u�r� �t�o�u�t �r�é�e�l t , G′S(t) =

G′N (GX(t)).G′X(t), �e�n� �p�r�e�n�a�n�t t = 1 �e�t �u�t�i�l�i�s�a�n�t Q.I.4, �o�n� �o�b�t�i�e�n�t E(S) =

E(N)E(X).

P�a�r�t�i�e III : A�p�p�l�i�c�a�t�i�o�n�
1. (�a�) L�e �j�e�t�o�n� �e�s�t �n�o�n� �t�r�u�q�u�é �d�o�n�c P (N = 1) = P (N = 2) = 0, 5.

(�b) • k = 1 : D�a�n�� �c�e �c�a��, �o�n� �l�a�n�c�e �l�e �d�é �u�n�e �s�e�u�l�e �f�o�i�� �d�o�n�c �l�e�� �é�v�é�n�e�m�e�n�t��
�s�o�n�t �é�q�u�i�p�r�o�b�a�b�l�e�� :

∀i = 1, ..., 4 , P (S = i | N = 1) = 0, 25

• k = 2 : D�a�n�� �c�e �c�a��, �o�n� �l�a�n�c�e �l�e �d�é �d�e�u�x �f�o�i��, �d�o�n�c S = X1 + X2, �p�a�r�
�i�n�d�é�p�e�n�d�a�n�c�e �d�e X1 �e�t X2, �o�n� �a�u�r�a�, �p�o�u�r� �t�o�u�t i = 2, ..., 8 :

P (S = i | N = 2) =
∑

1 ≤ j, l ≤ 4

j + l = i

P (X1 = j)P (X2 = l) =
∑

1 ≤ j, l ≤ 4

j + l = i

1

16
=

min(i− 1, 9− i)
16

(�c) P�a�r� �p�r�o�b�a�b�i�l�i�t�é�� �t�o�t�a�l�e��, �o�n� �a� :

∀i = 1, ..., 8 , P (S = i) = P (S = i | N = 1)P (N = 1) +P (S = i | N = 2)P (N = 2)

E�n� �u�t�i�l�i�s�a�n�t �l�e�� �c�a�l�c�u�l�� �p�r�é�c�é�d�e�n�t��, �o�n� �o�b�t�i�e�n�t :

P (S = 1) = 4
32 , P (S = 2) = 5

32 , P (S = 3) = 6
32 , P (S = 4) = 7

32

P (S = 5) = 4
32 , P (S = 6) = 3

32 , P (S = 7) = 2
32 , P (S = 8) = 1

32

L'�e�s�p�é�r�a�n�c�e �d�e S �e�s�t �d�o�n�n�é�e �p�a�r� :

E(S) =

8∑
i=1

iP (S = i) =
15

4

15



L�e �m�o�m�e�n�t �d�'�o�r�d�r�e 3 �d�e S �e�s�t �d�o�n�n�é�e �p�a�r� :

E(S2) =

8∑
i=1

i2P (S = i) =
35

2

D'�o�ù� V (S) = E(S2)− E(S)2 = 55
16 .

2. (�a�) O�n� �p�r�e�n�d� X ↪→ U({1, 2, 3, 4}).

(�b) P�o�u�r� �t�o�u�t �r�é�e�l t, �o�n� �a� :

GN (t) =
t

2
+
t2

2
, GX(t) =

t

4
+
t2

2
+
t3

2
+
t4

2

(�c) P�o�u�r� �t�o�u�t �r�é�e�l t, �o�n� �a� :

GS(t) = GN (GX(t)) =
t

8
+

5t2

32
+

3t3

16
+

7t4

32
+
t5

8
+

3t6

32
+
t7

16
+
t8

32

O�n� �r�e�t�r�o�u�v�e �l�a� �l�o�i�, �l��e�s�p�é�r�a�n�c�e �e�t �l�a� �v�a�r�i�a�n�c�e �d�e S, �e�n� �u�t�i�l�i�s�a�n�t �l�e�� �r�e�l�a�-
�t�i�o�n�� :

P (S = i) =
G

(i)
S (0)

i!
, E(S) = G′S(1) , V (S) = G′′S(1) +G′S(1)−G′S(1)2

P�o�u�r� �v�o�� �r�e�m�a�r�q�u�e�� , �m�e�r�c�i� �d�e �m�e �c�o�n�t�a�c�t�e�r� �s�u�r�
�t�a�o�u�f�i�k�i�−�m�a�t�h��@�h�o�t�m�a�i�l.�f�r

16


